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Abstract
We tell the history ofMoufang generalized quadrangles.We review someMoufang-like conditions,
and classify ﬁnite quasi-transitive generalized quadrangles. These are generalized quadrangles so that
for any two non-concurrent linesU,V of theGQ, and for someW ∈ {U,V }⊥, the group of generalized
homologies with axes U and V acts transitively on the points ofW incident with neither U nor V.
As a by-product of the proof, we will show, without the classiﬁcation of ﬁnite simple groups, that a
ﬁnite generalized quadrangle that admits a BN-pair of rank 2 is classical or dual classical if and only
if it admits at least one nontrivial homology (!).
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1. Introduction
Recently, there has been a lot of activity in the theory of generalized quadrangles related
to theMoufang condition for these structures. Indeed, inOctober 2002 themonograph ofTits
andWeiss appeared that contains the full proof of the classiﬁcation of allMoufang polygons,
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amongst which the case of the Moufang quadrangles is the most prominent (more than two-
thirds of the book is concerned with quadrangles). At the end of 2002, Katrin Tent ﬁnished
a proof of the fact that any (ﬁnite or inﬁnite) half Moufang quadrangle is automatically a
Moufang quadrangle using a group theoretic lemmaofHeineken. Soon afterwards, Fabienne
Haot and the second author proved, using that same lemma, that the Moufang condition for
quadrangles is equivalent with the 3-Moufang condition (for precise deﬁnitions, see below).
When RichardWeiss pointed out a counter example to Heineken’s lemma, the result of Haot
and the second author could be easily saved by providing an alternative proof; the ﬂaw in the
proof of Tent was solved by the second author in February 2003.Also, in January 2003, the
authors of the present paper ﬁnished the classiﬁcation of ﬁnite half 2-Moufang quadrangles,
resulting in another equivalent condition of the Moufang condition for ﬁnite generalized
quadrangles. And last but not least, Jef Thas recently produced an entirely geometric proof
of the fact that all ﬁnite translation generalized quadrangles all lines of which are regular,
are classical. The latter result provides an alternative, geometric/combinatorial proof of the
classiﬁcation of ﬁnite Moufang generalized quadrangles, if taken together with some old
results of Stanley Payne and Jef Thas. Alternative (but slightly less geometric) solutions
of the last open part of that program were independently obtained by Bill Kantor in the
beginning of the 1990s, and by the ﬁrst author in 2000.
In the present paper, we review the rich history of Moufang quadrangles, culminating in
the above-mentioned events.We also classify all ﬁnite quasi-transitive generalized quadran-
gles, thus characterizing a subclass of the class of ﬁnite Moufang generalized quadrangles.
Some strong corollaries will also be obtained.
We remark that all results we review are independent of the classiﬁcation of ﬁnite simple
groups. (See [1] for results that can be provedwith the classiﬁcation of ﬁnite simple groups.)
2. Finite generalized quadrangles
A generalized quadrangle (GQ) of order (s, t), s, t1, is a point-line incidence structure
S=(P,L,I) inwhichP andL are disjoint (non-empty) sets of objects called ‘points’and
‘lines’, respectively, and for which I is a symmetric point-line incidence relation satisfying
the following axioms:
(1) Each point is incident with t + 1 lines, and two distinct points are incident with at most
one line.
(2) Each line is incident with s + 1 points, and two distinct lines are incident with at most
one point.
(3) If p is a point and L is a line not incident with p, then there is a unique point-line pair
(q,M) such that pIMIqIL.
If s= t , thenS is also said to be ‘of order s’. If both s and t are ﬁnite, thenS is ﬁnite itself.
Note that there is a point-line duality for GQs of order (s, t) for which in any deﬁnition
or theorem the words ‘point’ and ‘line’ are interchanged, and also the parameters.
Let p and q be (not necessarily distinct) points of the GQS; we write p ∼ q and say that
p and q are collinear, provided that there is some line L so thatpILIq (sop /∼ q means that
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p and q are not collinear). Dually, for L,M ∈ L, we write L ∼ M or L /∼ M according
as L and M are concurrent or non-concurrent. If p = q ∼ p, the line incident with both
is denoted by pq, and if L ∼ M = L, the point which is incident with both is denoted
by L∩M . Two non-collinear points (non-concurrent lines) are sometimes called opposite.
A pair of elements which are incident is sometimes called a ﬂag. Two ﬂags {p1, L1} and
{p2, L2}, with p1, p2 ∈ P and L1, L2 ∈L, are opposite if p1 and p2 are opposite and if
L1 and L2 are opposite.
For p ∈ P, put p⊥={q ∈ P | q ∼ p}, and note that p ∈ p⊥. For a pair of distinct points
{p, q}, the trace of {p, q} is deﬁned as p⊥ ∩ q⊥, and we denote this set by {p, q}⊥. Then
|{p, q}⊥| = s + 1 or t + 1, according as p ∼ q or p /∼ q. A pair of opposite points p, q is
called regular if every point collinear with at least two elements of {p, q}⊥ is collinear with
all elements of {p, q}⊥. Dually, one deﬁnes regular pairs of opposite lines. If for a point x,
all pairs of opposite points containing x are regular, then we say that x is regular.
A collineation or automorphism of a generalized quadrangleS= (P,L,I) is a permu-
tation ofP∪Lwhich preservesP,L and I. By Aut(S)we denote the full automorphism
group of the GQS.
Two GQsS = (P,L,I) andS′ = (P′,L′,I′) are said to be isomorphic if there are
two bijective maps  : P → P′ and  :L →L′ so that pIL inS if and only if pI′L
inS′; the pair (,) is called an isomorphism ofS (on)toS′ (or betweenS andS′). If
S andS′ are isomorphic, then we writeSS′.
We now deﬁne the ﬁnite classical GQs.
Consider a nonsingular quadric ofWitt index 2, that is, of projective index 1, in PG(4, q)
and PG(5, q), respectively. The points and lines of the quadric form a generalized quadran-
gle which is denoted by Q(4, q) and Q(5, q), respectively, and has order (q, q) and (q, q2),
respectively. Next, let H be a nonsingular Hermitian variety in PG(3, q2), respectively
PG(4, q2). The points and lines ofH form a generalized quadrangle H(3, q2), respec-
tively H(4, q2), which has order (q2, q), respectively (q2, q3). The points of PG(3, q)
together with the totally isotropic lines with respect to a symplectic polarity of PG(3, q)
form a GQW(q) of order q. The generalized quadrangles deﬁned in this paragraph are the
so-called classical generalized quadrangles, see [11, Chapter 3].
3. The Moufang condition and related conditions
In this section, we will deﬁne some conditions on collineation groups of generalized
quadrangles. The general idea of the Moufang condition is that one hypothesizes the ex-
istence of a lot of collineation groups that ﬁx many elements, and that act transitively on
some given set. In the same spirit, we will deﬁne alternative conditions. We will review
their (historical) connection in Section 4.
Throughout, we letS be a ﬁxed GQ, andG is its full collineation group.An apartment in
a GQ is a subGQ of order (1, 1). Fix  ∈ {2, 3, 4}, and let = (x1, . . . , x−1) be a sequence
of distinct points and lines ofS such that x1I · · ·Ix−1; we call  a path of length − 2.
We denote by G[x1,...,x−1], or by G[], the subgroup of G ﬁxing every element incident
with each of x1, . . . , x−1. Now choose x0Ix1 and xIx−1, with x0 = x2 and x = x−2.
Then we say that  is a Moufang path if G[] acts transitively on the set of apartments
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containing x0, x1, . . . , x. It can be easily shown that this deﬁnition is independent of the
chosen elements x0 and x.
If every path of length  − 2 is a Moufang path, then we say that S is an -Moufang
GQ. For  ∈ {2, 4}, there are two types of paths of length : those starting and ending with
points, and those starting and ending with lines. If every path of one ﬁxed type is a Moufang
path, then we callS half -Moufang.
For = 4, the elements of G[x1,x2,x3] are called root elations (they are a special kind of
elation, see below). Also, usually (half) 4-Moufang is simply referred to as (half)Moufang.
It is straightforward to see that, for  ∈ {3, 4}, the -Moufang condition implies the (−1)-
Moufang condition.
A special kind of root elation is one which ﬁxes all lines not opposite a given line L, or
all points not opposite a given point x. This is usually called a symmetry (about L or about
x). The line L is called an axis of symmetry if for some distinct points u, v on L, the path
(u, L, v) is Moufang and the groupG[u,L,v] is a group of symmetries about L. The latter is
known to be equivalent with L being a regular line. Dually, one deﬁnes centers of symmetry.
The following is clearly a generalization of the Moufang condition. Let (x0, x1, x2, x3)
be a path of length 3. Then we say that the path (x1, x2, x3) is a pseudo-Moufang path if
the stabilizerGx1,x3 of x1 and x3 inG contains a normal subgroupG(x1, x3)G[x1] ∩G[x3]
acting regularly on the elements incident with x0 but distinct from x1. This deﬁnition is
independent of the choice of x0. We call S pseudo-Moufang if all paths of length 2 are
pseudo-Moufang. We call S half pseudo-Moufang if all paths of length 2 of a ﬁxed type
are pseudo-Moufang.
Let L,M be two opposite lines of S. Then we say that S is (L,M)-transitive if, for
some point x on L, the subgroupG[L,M] of G ﬁxing every point on L and every point onM
acts transitively on the set of lines through x distinct from L and opposite M. Clearly this
deﬁnition is independent of the choice of x on L orM. LetN be the line through x concurrent
with M; then we say that S is (L,M)-quasi-transitive if G[L,M] acts transitively on the
set of points incident with N, but neither on L nor M. If S is (L,M)-quasi-transitive
for all pairs of opposite lines L,M , then we say that S is quasi-transitive (w.r.t. lines).
Dually, we have the obvious deﬁnitions and notations. The elements of G[L,M] are called
generalized homologies with axes L andM. (Dually, one speaks of generalized homologies
with ‘centers’.)
Let x be a point ofS.An elation about x is a collineation inG[x] that either is the identity,
or acts ﬁxed point freely on the set of points opposite x. If there is a group E of elations
about x acting transitively (and then regularly) on the set of points opposite x, then we call
x an elation point (with respect to E ). If E is moreover abelian, then we say that x is a
translation point. In that case, every line through x is regular. IfS contains two opposite
elation points, then all points are elation points andS is called a strong elation GQ.
Finally, we consider the following almost purely group-theoretic condition. Suppose that
G acts transitively on the set of all apartments of S, and that the stabilizer N := G of
any apartment  acts transitively on the set of eight ﬂags of . Suppose moreover that the
stabilizerGF of some ﬂag F contained in has a normal subgroupUwhich acts transitively
on the set of ﬂags opposite F. If U is moreover nilpotent, then we say thatS is a split GQ.
This terminology stems from the fact that, in the literature, the corresponding group G is
called a split BN-pair of type B2.
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4. History and background
The notion (or at least its origin) of generalized quadrangle and of Moufang quadrangle
must of course be seen within the theory of generalized polygons. The origin of the notion
of generalized quadrangle lies in its connection with the so-called Chevalley groups of rank
2. It was Jacques Tits who wanted to construct new inﬁnite classes of (ﬁnite) simple groups
by considering them as automorphism groups of certain geometries. In the “easiest” cases,
namely the cases of “low rank”, Tits [29] succeeded in constructing the known groups
of type G2 (Dickson’s groups) and the (at that moment new) groups of type 3D4 using a
geometry which he called a generalized hexagon. This was in 1959—or at least, then the
paper appeared. The geometries that Tits had in mind were what later on would be called
(spherical ) buildings. Generalized polygons, and in particular generalized quadrangles,
were examples of low rank.
Tits, however, observed that the situation was not completely satisfying; he was able to
construct (ﬁnite) generalized quadrangles the automorphism group of which had nothing to
do with simple groups (a situation comparable with the situation in the theory of projective
planes, which can also be viewed as buildings—generalized triangles, in fact). These ex-
amples appeared in Dembowski’s book [2]. At the same time, Tits was still convinced that,
if the rank of a spherical building is at least three, then it should be essentially equivalent
with the notion of certain simple Chevalley-like groups—more precisely, classical groups,
algebraic groups and groups of mixed type—of the same rank. In fact, the classiﬁcation of
spherical buildings of rank 3 by Tits [30] established precisely this relationship.
Although the Lecture Notes [30] only appeared in 1974, Tits already ﬁnished that work
long before that. In fact, he was alreadyworking on an alternative proof when [30] appeared.
And this alternative proof was the motivation and the starting point of deﬁning the notion
of Moufang polygon.
First we remark that every building is made up of a lot of generalized polygons, which
could be called the bricks of the building. Then, the central idea in Tits’ classiﬁcation of
spherical buildings of rank 3 is his famous Extension Theorem that implies the existence
of a lot of automorphisms of a certain type. In particular, it implies that every brick is a
Moufang polygon. This observation is not an ad hoc one. It follows naturally from the theory
of simple algebraic groups of relative type, where it was known that these are generated by
certain subgroups (“root groups”) that satisfy the so-called Steinberg relations. In the case
of a quadrangle (or polygon), these root groups are nothing else than our groups of root
elations deﬁned above, and the Steinberg relations, which are conditions on commutators
(in particular stating that each root group is nilpotent of class at most 2), imply that the
corresponding quadrangle (or polygon) is split. Tits could derive the Steinberg relations
from the Moufang condition (see [33]; this paper appeared in 1994, but the result was
known to Tits already in the sixties), and he conjectured that all Moufang polygons were
related to:
(1) either classical, algebraic or mixed type groups, or
(2) to the Ree groups in characteristic 2, which are the only rank 2 groups of Chevalley
type not belonging to those three classes (others of rank one include the Suzuki groups,
theRee groups in characteristic 3, and a new class of groups discovered byMühlherr and
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the second author (unpublished)—these three classes of rank 1 all arise from polarities
in Moufang polygons).
An explicit list of all possibilities was given by Tits in [31]. The motivation to classify
the Moufang polygons was a possible alternative proof for the classiﬁcation of spherical
buildings of rank 3. This alternative proof, now outlined in [34], starts with the list of
Moufang polygons and uses some elementary arguments to decidewhether a givenMoufang
polygon can be a brick in a higher rank spherical building. In this way, one can classify
these buildings in a much shorter and more elegant way than before.
1976
Conjecture(Tits [31]). Every Moufang generalized quadrangle is related to a classical
group, an algebraic group or a group of mixed type, and an explicit list can be given.
1994
Theorem (Tits [33]). Every Moufang quadrangle satisﬁes the Steinberg commutation re-
lations and hence is a split quadrangle.
Already in the 1960s, Tits classiﬁed the Moufang hexagons. In the 1970s, the octagons
followed. Since the Moufang triangles—that is, the Moufang projective planes—were al-
ready dealt with long before the notion of generalized polygon was even introduced, only
the case of Moufang GQs remained. Clearly, this was the hardest case.
In the meantime throughout the 1970s, ﬁnite generalized quadrangles were becoming,
under the impulse of Stanley Payne and Jef Thas, interesting and useful research objects in
their own right. Hence there was a need for a list of all ﬁnite Moufang quadrangles, and for
a proof that this list was complete. Tits [31] remarked that such a list and a proof followed
from group-theoretic work of Fong and Seitz [4,5]. In the latter two (enormous) papers,
the ﬁnite split BN-pairs of rank 2 are classiﬁed—no reference is made to the geometry.
Translating the results to geometry yields a classiﬁcation of ﬁnite Moufang GQs—they are
exactly the classical GQs and their duals.
1973,1974
Theorem (Fong and Seitz [4,5]). The following are equivalent for a ﬁnite generalized
quadrangleS:
(1)S is a Moufang generalized quadrangle,
(2)S is a split generalized quadrangle, and
(3)S is a classical or dual classical quadrangle.
The ﬁnite case is so special here because Fong and Seitz could use the classiﬁcation of
ﬁnite split BN-pairs of rank 1, a group theoretic result which at the moment no one believes
to have an inﬁnite counterpart. The proof of Fong and Seitz is a very untransparent one,
certainly not satisfying ﬁnite geometers. Driven by success considering local Moufang-like
conditions, ﬁnite geometers wanted to produce a geometric proof of the classiﬁcation of
ﬁniteMoufangGQs.An almost complete geometric proof of the classiﬁcationwas produced
by Payne and Jef Thas, and written up in [11, Chapter 9]. One of the essential ingredients
is ‘Property (H)’, deﬁned as follows: Suppose p and q are two non-collinear points of the
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GQS= (P,L,I). Then we put cl(p, q)= {z ∈ S‖z⊥ ∩ {p, q}⊥⊥ = ∅}. A point x has
Property (H) provided that r ∈ cl(p, q) if and only if p ∈ cl(q, r) whenever (p, q, r) is a
triad of points in x⊥.
Now suppose thatS is a thick ﬁnite Moufang quadrangle. Then each point and each line
satisﬁes Property (H). Now comes the crucial observation (cf. [11, 5.6.2]), which was ﬁrst
observed by Jef Thas:
LetS be a GQ of order (s, t), s = 1 = t , for which each point satisﬁes Property (H).
Then we have the following three possibilities forS (and conversely):
(1) SH(4, s);
(2) each span of non-collinear points has size 2;
(3) each point is regular.
Since each ﬁnite Moufang quadrangle satisﬁes Property (H) for both its points and lines,
the latter observation and its dual can then be applied, and each of the obtained cases is
studied separately. The case where each span of non-collinear points has size 2 and each
span of non-concurrent lines has size 2 can be excluded, so that up to duality and besides the
possibilities H(4, s) and its dual, one has to classify Moufang quadrangles with each line
regular. This motivated Stanley Payne and Jef Thas to study the followingmore general type
of GQs: GQs for which there is a point x so that each panel and each dual panel containing
x is Moufang, and such that each line incident with x is regular. It can be shown that ifG(x)
is the group generated by all these root elations, thenG(x) ﬁxes x linewise, it acts regularly
on the points opposite x and it is an abelian group, and the converse also holds. So x is
a translation point. These GQs were called translation generalized quadrangles (TGQs),
and soon became objects of study in their own right, because of their rich connections
with certain combinatorial objects in projective spaces (called ‘generalized ovoids’ and
‘generalized ovals’), with ‘ﬂocks’of the quadratic cone (these are partitions of the quadratic
cone inPG(3, q)minus its vertex into disjoint irreducible conics) that arise from semiﬁelds,
and with certain types of translation planes (and the corresponding spreads). Payne and Jef
Thas almost completely ﬁnished their program before 1984, up to one open case.
Problem. Classify all ﬁnite Moufang GQs of order (s, s2), s > 1, each line of which is
regular.
These GQs hence are TGQs for each of their points. Bill Kantor came up with a solution
of the problem in 1991 [8], using the classiﬁcation of ﬁnite split BN-pairs of rank 1 [7,13],
and 4 B,C of Fong and Seitz [4]. The ﬁrst author then found a second approach in 2000
(as a corollary of a much stronger result—he studied GQs which have two non-concurrent
axes of symmetry), using only the classiﬁcation of ﬁnite split BN-pairs of rank 1, and thus
providing the ﬁrst independent proof of the classiﬁcation of ﬁniteMoufang quadrangles, see
the appendix of [22,24] and also the monograph [27]. Recently, Jef Thas has also completed
a solution of the problem, only using (advanced) projective geometry, cf. [18].
In the beginning of the 1990s, Jef Thas and the second author put together a project that
should have led to the GQ counterpart of the Lenz–Barlotti classiﬁcation in the theory of
projective planes. The ﬁrst question to handle was to see which conﬁgurations of Moufang
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paths of length 2 imply theMoufang condition (this is the Lenz part of the program).Almost
naturally, the half Moufang condition was born. Together with Stanley Payne, Jef Thas and
the second author proved that, in the ﬁnite case, the half Moufang condition implies the
Moufang condition. The starting point in the proof was again Property (H). The rest of the
project was put in the freezer and eventually passed on to the ﬁrst author, which resulted
eventually in the research monograph [27] which was extracted from his thesis [23] (for a
survey on the description of that classiﬁcation, see [26]).
1991
Theorem (Thas et al. [19]).Every ﬁnite halfMoufang generalized quadrangle is aMoufang
quadrangle.
The second part of the program is the “Barlotti part” of the classiﬁcation, consisting of
determining the possible conﬁgurations of pairs of non-collinear points {x, y} in a GQS for
whichS is (x, y)-transitive. Jef Thas classiﬁed the ﬁnite GQs which are (x, y)-transitive
for each such pair {x, y}.
1985, 1986
Theorem(Thas [16,17]). Every thick ﬁnite generalized quadrangle which is (x, y)-
transitive for every pair of opposite points {x, y} is a classical quadrangle, i.e. is isomorphic
to one ofW(q), Q(4, q), Q(5, q), H(3, q2) or H(4, q2), and conversely.
The method of proving this theorem consists of observing that each point and line
has Property (H), and then handling all the combined cases separately. Every case is
handled in a purely combinatorial fashion, except one: the case where s = t2 and each
point is regular. Here, it is shown that each point is a center of symmetry, so that the GQ
is Moufang.
Around the 1990s, the second author of this paper introduced the “k-Moufang condition”
for generalized polygons. The motivation here was that for k= 3, the 3-Moufang condition
implies a Desargues condition (a direct generalization of Desarguesian projective planes).
Payne, Jef Thas and the second author prove in [38] the equivalence between ﬁnite 3-
MoufangGQs andDesarguesianGQs, and also betweenﬁnite 3-MoufangGQs andMoufang
GQs, again using Property (H).
1992
Theorem(Van Maldeghem et al. [38]). Every ﬁnite 3-Moufang generalized quadrangle is
a Moufang quadrangle.
The fact that Property (H)was used in the above proofs and that there was no counterpart
for it in the inﬁnite case, discouraged some people to consider the inﬁnite case regarding
half Moufang GQs and 3-Moufang GQs.
In 1998, the second author showed that the 2-Moufang condition for GQs is equivalent to
the 3-Moufang condition for GQs (ﬁnite or inﬁnite). Consequently, ﬁnite 2-Moufang GQs
are Moufang GQs. This, in turn, implies that every ﬁnite strong elation GQ which is also
a dual strong elation GQ is classical or dual classical (and conversely). So at that moment,
there were two problems left in the ﬁnite case (regarding theMoufang-like conditions stated
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above):
(1) the classiﬁcation of ﬁnite half 2-Moufang GQs (with as a particular case the strong
elation GQs);
(2) the classiﬁcation of ﬁnite quasi-transitive GQs.
For quite a while, problem (1) seemed to be too hard to tackle, while for problem (2) one
even cannot apply Property (H).
1998
Theorem(VanMaldeghem [37]).Every 2-Moufang generalized quadrangle is a 3-Moufang
generalized quadrangle.
Corollary.Every ﬁnite2-Moufanggeneralized quadrangle is aMoufangquadrangle. Every
ﬁnite strong elation generalized quadrangle which is also a dual strong elation generalized
quadrangle is a Moufang quadrangle.
For inﬁnite GQs, the situation was much more open. In fact, it was only in 1997 that all
Moufang quadrangles were ﬁnally classiﬁed (in particular providing a third independent
proof for the ﬁnite Moufang GQs!). The original conjecture of Tits—every Moufang quad-
rangle arises from a classical, algebraic or mixed type group—appeared to be true, but in
his explicit list, an inﬁnite class of examples was overlooked. RichardWeiss discovered and
produced the precise Steinberg-type relations for the new class of examples, and Bernhard
Mühlherr and the second author [10] showed that it arises from a class of mixed groups of
exceptional type F4.
2002
Theorem(Tits and Weiss [34]). Every Moufang generalized quadrangle is related to a
classical group, an algebraic group or a group of mixed type, and an explicit list can be
given.
In [3], De Medts has introduced a uniform algebraic structure for Moufang quadrangles,
and showed that every Moufang quadrangle can be parametrized by such a structure, called
quadrangular system. He then classiﬁes these systems without going back to the Moufang
quadrangle from which they arise, thus obtaining an independent proof of the classiﬁcation
of Moufang quadrangles.
The explicit classiﬁcation of all Moufang GQs was the start of a series of results gen-
eralizing all characterizations (considered in this paper) of the ﬁnite case. The ﬁrst natural
question was whether one could take the opposite direction and prove that every split GQ
is a Moufang GQ. This would not only classify all split GQs (and all split BN-pairs of type
B2) in the general case, it would also produce in the ﬁnite case a revision of the proof of
Fong and Seitz. Katrin Tent and the second author settled this question in 2002 by showing
that in the general case, “split” indeed implies “Moufang” for GQs.
2002
Theorem(Tent andVanMaldeghem [15]).Every split generalized quadrangle is aMoufang
quadrangle.
212 K. Thas, H. Van Maldeghem /Discrete Mathematics 294 (2005) 203–217
The method of proof of the previous theorem inspired ﬁrst Katrin Tent [14] at the end
of 2002 to show that, in the general case, half Moufang implies Moufang for GQs, and
then Fabienne Haot and the second author in the beginning of 2003, to prove that also for
inﬁnite GQs, 3-Moufang implies Moufang. This together with the old result of the second
author, also proves that 2-Moufang implies Moufang for GQs. However, both proofs (the
one by Tent and the one by Haot and the second author) used a lemma by Heineken,
which turned out to be wrong; Richard Weiss came up with a counter example in 2003
(private communication). Both proofs were repaired by the second author on the occasion
of a course on Moufang quadrangles in Ghent with co-lecturers Jef Thas and the ﬁrst
author, cf. [20].
Hence, except for the (L,M)-transitive GQs (for every pair of opposite lines L,M), the
situation in the inﬁnite case is the same as in the ﬁnite case.
2003
Theorem(Tent [14]). Every half Moufang generalized quadrangle is a Moufang quadran-
gle.
2003
Theorem (Haot and Van Maldeghem [6]). Every 3-Moufang generalized quadrangle is a
Moufang quadrangle.
Corollary. For generalized quadrangles, the notions of 2-Moufang, 3-Moufang and Mo-
ufang are equivalent. In particular, every strong elation generalized quadrangle which is
also a dual strong elation generalized quadrangle is a Moufang quadrangle, and every
generalized quadrangle which is (x, y)-transitive for all opposite pairs of points and lines
x, y is a Moufang quadrangle.
However, in December 1999, the ﬁrst author introduced the (half) pseudo-Moufang
condition in the context of strong elation GQs [21], and some time later made a pre-
cise connection (together with ﬁrst classiﬁcation results) with split BN-pairs of rank 1.
In 2001, the authors then managed to classify all ﬁnite half pseudo-Moufang GQs, and
noticed that the classiﬁcation of strong elation GQs follows almost immediately from the
classiﬁcation of ﬁnite half pseudo-Moufang GQs (after the observation of the ﬁrst au-
thor in 1999). In fact, the classiﬁcation of all ﬁnite half 2-Moufang GQs appeared also
to be within reach, up to one case (where the GQ S in question contains a subGQ iso-
morphic to Q(5, q) and has itself order (s, q2); every point of S is a Moufang path of
length 0). It took quite some time to handle that case, but it was ﬁnally dealt with in
January 2003. The global proof is a mixture of combinatorial, group-theoretic and geo-
metric arguments covering a wide variety of techniques (and a large number of pages!). It
makes us conjecture that maybe the classiﬁcation of inﬁnite half 2-Moufang GQs is not yet
within reach.
2002
Theorem(Thas and Van Maldeghem [28]). (1) Every ﬁnite half pseudo-Moufang general-
ized quadrangle is a Moufang quadrangle.
(2) Every ﬁnite half 2-Moufang generalized quadrangle is a Moufang quadrangle.
Corollary. Every ﬁnite strong elation generalized quadrangle is a Moufang quadrangle.
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5. Complete elation groups in GQs
We remarked earlier that the set of elations about a certain point is not necessarily a group
of elations. This was for a long time an open problem, until Payne and the ﬁrst author in [12]
came up with a non-classical example of this situation; they show that the Kantor–Knuth
semiﬁeld GQs of order (q2, q) admit more than q5 distinct elations about some special point
(∞), and construct a concrete example of a nontrivial collineation  which is an elation
about (∞), so that there is some natural number n for which n = 1 is not an elation about
(∞). This motivates the concept of ‘standard elation’ (in general GQs): a standard elation
 about x is an elation about x so that 〈〉 is a group of elations (about x). Payne and the
ﬁrst author then show that for ﬂock GQs of order (q2, q), the set of standard elations about
(∞) is always a group of size q5, except when q is even and the ﬂock linear.
We now show that already in the classical case, there are elations which are not contained
in an elation group.
Indeed, consider the quadrangleS isomorphic to eitherH(3, q2) or the dual ofH(4, q2),
denote its order by (s, t) and its full automorphism group by G. Fix a point x. Then x is
an elation point with respect to some group E. But the full automorphism group contains
a nontrivial element ﬁxing some subquadrangle of order (s′, t) pointwise with 1<s′<s
(ifSH(3, q2), this subGQ is isomorphic toW(q) and this element has order 2; ifS is
isomorphic to the point-line dual of H(4, q2), then this subGQ is isomorphic to Q(5, q),
and there is an automorphism group of size q + 1 ﬁxing Q(5, q) pointwise), and hence we
may assume that this element belongs to G[x]. Consequently, |G[x]|>s2t . Now a result
of Burnside says that |G[x]| is equal to s2t (the number of ﬁxed points of the identity)
plus (|G[x]| − s2t) times the average number a of ﬁxed points opposite x of an element
of G[x]\E. Hence a = 1. But there is at least one element ﬁxing a subquadrangle of order
(s′, t) pointwise, hence ﬁxing s′2t > 1 elements opposite x. As a result G[x]\E contains at
least s′2t − 1 elations.
6. The classiﬁcation of ﬁnite quasi-transitive generalized quadrangles
We now classify all ﬁnite quasi-transitive GQs.
Theorem I. A thick ﬁnite generalized quadrangle of order (s, t) is quasi-transitive w.r.t.
lines if and only if it is isomorphic to one of the following:
(1) Q(4, s) with s even;
(2) W(s) for any s;
(3) Q(5, s) for any s.
Proof. Let S = (P,L,I) be a quasi-transitive GQ (w.r.t. lines) of order (s, t), s =
1 = t . First of all, one notes that Aut(S) acts transitively on the lines. For, let U and V
be non-concurrent lines of S. Let U ′, V ′ be distinct lines of {U,V }⊥, and let W,W ′ be
distinct lines of {U ′, V ′}⊥\{U,V }. Then there is an element ofG[W,W ′] mapping U ontoV.
Clearly, transitivity on lines follows. Now let L be an arbitrary but ﬁxed line, and suppose
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H = 〈G[L,L′]‖L′ /∈L⊥〉. If HH[L] acts transitively onL\L⊥ (that is, if L is an axis of
transitivity), it follows thatS is half 2-Moufang, and hence classical or dual classical by
the result of the authors in [28]. Also, if for any point x/IL,Hx acts transitively on the lines
incident with x and different from projxL, then L is an axis of transitivity, so we suppose
that x is a point not on L for which this is not the case.
LetMIx,M = projxL. Let p be a prime that divides s − 1. As G[L,M] acts transitively
on the set X of points of projxL different from L ∩ projxL andM ∩ projxL, it follows that
if K is a Sylow p-subgroup of G[L,M], K does not ﬁx all points of X. Hence, K cannot ﬁx a
line incident with x and different from projxL and M; otherwise, K would ﬁx a subGQ of
order (s, t ′), t ′> 1, pointwise, and hence each point incident with X, contradiction.Whence
t ≡ 1modp.
We supposeHx does not act transitively on the setY of lines incident with x and different
from projxL andM, so that there are at least two distinctHx-orbits inY, sayO1 andO2. Let
N ∈ O1. ThenG[L,N ] acts onO2, and in the same way as above, |O2| ≡ 0modp. Now the
latter clearly holds for each Hx-orbit in Y, so that t ≡ 0modp, contradiction. Whence Hx
acts transitively onY, and L is an axis of transitivity. SoS is half 2-Moufang, thus classical
or dual classical by the result of the authors.
We now have a look at which classical and dual classical GQs indeed are quasi-transitive
w.r.t. lines. First of all, supposeS is a quasi-transitive GQ (w.r.t. lines) of order (s, t), where
1< t < s. Let L /∼ M be arbitrary lines, and suppose U ∈ {L,M}⊥. Let G = Aut(S) be
the automorphism group of S. Then there is a nontrivial element  of G[L,M] that ﬁxes
some line VI(U ∩M),M = V = U , and  ﬁxes some subGQ ofS of order (s, t ′), t ′> 1,
elementwise. This contradicts 2.2.2 of [11], so s t . It follows thatH(3, q2) andH(4, q2)D
are not quasi-transitive. We look at the remaining cases, and suppose w.l.o.g. that L and M
are as above.
(1) Q(4, q).
If q is even, then L and M are axes of symmetry, and by Kantor [9] and Thas [25], the
group generated by the symmetries about L and M acts 3-transitively on {L,M}⊥⊥.
Whence Q(4, q) is quasi-transitive for q even. If Q(4, q) would be quasi-transitive for
q odd, it would follow that the stabilizer of the (q + 1) × (q + 1)-grid  deﬁned by
{L,M}⊥ ∪ {L,M}⊥⊥ in the full automorphism group of Q(4, q), acts transitively on
the triples of distinct mutually non-collinear points contained in , contradicting 5.2.6
of [11] and the fact that Q(4, q)W(q) if q is odd.
(2) W(q).
If q is even, then W(q) is quasi-transitive by the previous case (recall that as q is
even, W(q)Q(4, q)). Suppose q is odd, and let {L,M} be an arbitrary pair of non-
concurrent lines ofW(q). Then the group of generalized homologies with axes L andM
has size q− 1—this follows from the fact thatW(q) is {U,U ′}-transitive for each such
pair {U,U ′}. Suppose thatW(q) is not quasi-transitive; then there must be a nontrivial
element  of G[L,M] ﬁxing some point of U not on L nor M, where U ∈ {L,M}⊥
is arbitrary. But then it easily follows that  ﬁxes W(q) pointwise, as each span of
non-concurrent lines has size 2. ThusW(q) is quasi-transitive for any q.
(3) Q(5, q).
If q is even, it follows that Q(5, q) is quasi-transitive since Q(4, q) (⊂ Q(5, q)) is, and
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since the automorphism group ofQ(4, q) extends to an automorphism group ofQ(5, q).
Let q be odd, and let {L,M} be as usual. We remark that for each Q(4, q) in Q(5, q),
there is a unique involution  of Q(5, q) ﬁxing Q(4, q) pointwise, and if L,M are
lines of Q(4, q), then  ∈ G[L,M]. There are q + 1 distinct subGQs Q(4, q) containing
{L,M}⊥⊥.AsQ(5, q) is {L,M}-transitive it now follows easily that |G[L,M]|=2(q2−
1). Suppose by way of contradiction that Q(5, q) is not quasi-transitive. As GL,M
contains the natural action of PSL(2, q) on {L,M}⊥⊥ (see, e.g. [9,25] or [26]), we have
that |[G[L,M]]U | = 4(s + 1), with U ∈ {L,M}⊥⊥\{L,M}. Suppose = PG(5, q) is
the underlying space of Q(5, q). AsG[L,M] ⊂ PGL(6, q) (since L andM are pointwise
ﬁxed), [G[L,M]]U ﬁxes each line of {L,M}⊥⊥, and hence each point on each line
of {L,M}⊥⊥. Suppose that x is a point of Q(5, q) not on a line of {L,M}⊥⊥, and
let 	 be the set of points on the lines of {L,M}⊥⊥. Then each point of x[G[L,M]]U is
collinear with each point of x⊥ ∩ 	. It follows that |x[G[L,M]]U |q + 1, as Q(5, q)
is a GQ of order (q, q2)—see [11, 1.2.4]. Hence, the stabilizer K of x in [G[L,M]]U
has at least size 4. But K ﬁxes a Q(4, q)-subGQ pointwise, and there is only a unique
involution ﬁxing thatQ(4, q) pointwise, contradiction.HenceQ(5, q) is quasi-transitive
for any q.
(4) H(4, q2).
Let  be an arbitrary ordinary quadrangle in H(4, q2). Then there is a unique subGQ
H(3, q2) which contains . Suppose L /∼ M are lines of , and suppose H(4, q2) is
quasi-transitive. Then as H(3, q2) is not, it would follow that  is contained in more
than one H(3, q2), contradiction. Thus H(4, q2) is not quasi-transitive.
The theorem follows. 
Remark. Motivations for the deﬁnition of quasi-transitivity (also in view of the results of
Thas [16,17]), can be found in Van Maldeghem [35].
The next theorem immediately follows from the proof of the previous theorem.
Theorem II. Let S be a thick GQ of order (s, t). Suppose there is a prime p (that does
not necessarily divide s − 1) so that for each two non-concurrent lines L,M ofS, some
Sylow p-subgroup of Aut(S)[L,M] does not ﬁx all points on some line of {L,M}⊥. ThenS
is classical or dual classical, and conversely.
A famous conjecture of Tits of 1974, see [30, p. 221], states that all ﬁnite generalized
polygons having a group acting transitively on the pairs (, C), where  is an apartment
and C a chamber contained in, arise from absolutely simple algebraic groups over a ﬁnite
ﬁeld, or from Ree groups 2F4(2e), e an odd non-negative integer. In other words,
Conjecture (Tits [30]). All generalized polygons associated with a ﬁnite BN-pair are clas-
sical or dual classical.
In [1], Buekenhout and the second author solved that conjecture using the classiﬁcation
of ﬁnite simple groups. Without that classiﬁcation, the question rested hopelessly wide
open. Here we will ‘almost completely’ solve that conjecture for quadrangles without the
classiﬁcation of ﬁnite simple groups.
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LetS be a GQ of order (s, t), s = 1 = t . A collineation  is said to be a homology with
centers x and y, if it ﬁxes the points x and y ofS linewise, and if its set of ﬁxed points is
precisely {x, y} ∪ {x, y}⊥, or if it is the identity.
Theorem III. A thick ﬁnite generalized quadrangle is classical or dual classical if and
only if it admits a BN-pair and a nontrivial homology.
Proof. If the GQ is classical or dual classical, the theorem is well-known. Suppose con-
versely thatS is as in the statement of the theorem. Then Aut(S) acts transitively on the
set of ordered ordinary subquadrangles ofS. Let be such a quadrangle, and letL /∼ M be
sides of . We may assume w.l.o.g. that there is a nontrivial homology  in Aut(S)[L,M].
Then 〈〉 does not ﬁx all points of any line of {L,M}⊥, and hence there is a prime p for
which some Sylow p-subgroup of 〈〉 has that same property. Then the assumptions of
Theorem II are satisﬁed for p, and the theorem follows. 
In view of Theorem II, it is clear that one could formulate Theorem III slightly more
generally, but less elegantly.
Final remark: The authors of this paper are presently trying to delete the extra assumption
in Theorem III, to obtain the complete solution of Tits’ conjecture for quadrangles.
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